Loop quantum gravity is a mature theory. To proceed to explicit calculations in cosmology, it is necessary to make assumptions and simplifications based on the symmetries of the cosmological setting. Symmetry reduction is especially critical when dealing with cosmological perturbations. The present article reviews several approaches to the problem of building a consistent formalism that describes the dynamics of perturbations on a quantum spacetime and tries to address their respective strengths and weaknesses. We also review the main open issues in loop quantum cosmology.
Loop quantum gravity is a mature theory. To proceed to explicit calculations in cosmology, it is necessary to make assumptions and simplifications based on the symmetries of the cosmological setting. Symmetry reduction is especially critical when dealing with cosmological perturbations. The present article reviews several approaches to the problem of building a consistent formalism that describes the dynamics of perturbations on a quantum spacetime and tries to address their respective strengths and weaknesses. We also review the main open issues in loop quantum cosmology.
GENERAL CONSIDERATIONS
In the strong curvature regime of general relativity (GR), quantum gravity should manifest itself as a resulting repulsive force. In cosmology, the total energy density of the universe is expected not to diverge and to remain smaller than an upper bound that can be guessed to be of the order of ρ max ≃ m Pl . The big bang singularity has to be reconsidered. Loop quantum gravity (LQG) suggests that the big bang is replaced by a bounce [1] . The resolution of the initial singularity is achieved in the sense that the operators corresponding to a complete family of Dirac observables, such as matter density, curvature invariant and anisotropic shears, all remain bounded in the physical Hilbert space. Then, the Hamiltonian constraint can in principle be solved, numerically if not exactly. The usual quantization procedure is the so calledμ-scheme, which was proven to be exempt of infrared divergences. It uses the physical metric and, e.g., a massless scalar field for modeling the energy content of the quantum Universe. The scalar field is also used as an internal time. The relationship between the quantum states, χ, and the classical geometrical data [2] , i.e. the metric tensor, has been formulated within two different approaches: (i) in the embedding approach the quantum phase space is embedded into a classical phase space, (ii) in the truncation approach one computes corrections to the classical dynamics by truncating the quantum phase space to low orders of moments only [3] .
Note that the Wheeler-deWitt (WDW) theory is based on a continuous geometry, while in loop quantum cosmology (LQC) the quantum geometry is essentially discrete. Hence, the WDW theory is recovered at small spacetime curvature, but in general not for λ → 0, where λ is the discreteness parameter. Actually, the continuous limit of LQC does not yield a physical theory [4] . * barrau@lpsc.in2p3.fr † bolliet@lpsc.in2p3.fr A first conceptual issue arises as it has been argued that given the current lack of control on higher-curvature corrections and dynamical inhomogeneities in LQC, evidence for a bounce at high density is, at present, only circumstantial [5] . Indeed, most studies are assuming Gaussian states or other specific forms of coherent or semi-classical wave functions. This is questionable in the high-density regime. Since strong quantum backreaction and higher-curvature terms (in addition to those coming from holonomies) are implicitly ignored by choosing a coherent state, it is not a priori fully guaranteed that all evidences for the existence of a bounce are reliable in loop quantum cosmology -setting aside the issue of signature change that we will review later.
We shall now address this objection and show why the bounce is a reliable and generic consequence of LQC. Most numerical studies have indeed focused on gaussian wave packets. These are parametrized by a volume at which the initial state is peaked, v * , as well as its spread σ v and the initial scalar field momentum, p ϕ0 . Three subclasses were investigated numerically [6] : (i) WDW initial states, (ii) gaussians in volume and (iii) rotated WDW states. Recently, non sharply peaked states as well as non gaussian states were also considered [7] . A numerical scheme called CHIMERA [8] is being developed since 2013 at Louisiana State University in order to investigate the robustness of predictions in effective LQC. Presently, these numerical simulations all seem to confirm the robustness of the singularity resolution which was proven analytically for arbitrary states [9] . Moreover, further analytical studies showed that fluctuations around any given state are in tight control around the bounce [10] [11] [12] .
The introduction of positive spatial curvature (spherical models) was dealt with in 2006 [13] and extended shortly after [14] . Since closed models also retain the classical recollapse predicted by GR, one is led to a cyclic cosmological scenario. The status of hyperbolic models (k = −1) is less clear but has also been mostly consistently addressed [15] . In addition, the robustness of the singularity resolution has also been checked for a negative [16] and a positive cosmological constant [17] .
Ambiguities related to the quantization procedure for closed anisotropic LQC models were addressed [18] : in LQC there is a freedom in choosing between closed holonomies around loops (loop quantization) to define curvature, or open holonomies to define connection. For anisotropic models with non-trivial spatial curvature, loop quantization is not possible, while for the isotropic spherical FLRW model both quantizations schemes are available but are not equivalent. We refer the reader to the excellent recent review [19] (and references therein) for more details about anisotropic models and a clear introduction to the whole framework.
The effective equations derived in LQC and applied to the FLRW universe have already led to a large amount of phenomenological studies, making LQC one of the rare quantum gravity model that can be constrained by observations.
Measurements of the cosmic microwave background (CMB) anisotropy power spectrum are probing the early universe [20] . Within the inflationary paradigm, the seeds of the anisotropic features of the CMB light are the quantum fluctuations of the lowest energy state of a scalar field that filled the universe before radiation domination, during the inflationary phase. The calculation of the primordial power spectrum of these quantum fluctuations at the end of inflation is well known: if quantum fluctuations are generated during inflation, one expects a nearly scale invariant power spectrum slightly red tilted. After inflation, quantum fluctuations translate into density and pressure perturbations of the cosmological fluids (matter, radiation, dark matter and dark energy) which can be probed directly in the CMB angular power spectrum [21] . This prediction is in a very good agreement with CMB observations, although a higher level of accuracy is needed in order to conclude about the content of the primordial universe (i.e. one or several scalar fields, what exact shape for the potential, etc) and to definitely exclude alternative models. (It should be stressed that the aim of quantum cosmology might be less to suggest an "alternative model" to the standard paradigm than to provide it with a satisfactory foundation.) In LQC the past singularity is resolved. Therefore the quantum theory of cosmological perturbation can in principle be extended to the Planck era or even to the classical prebounce contracting universe [22] [23] [24] . This is the so-called LQC extension of the inflationary scenario. For a flat FLRW universe, the LQC modified Friedmann equation is
while the equation expressing the local conservation of energy remains valid,ρ = −3H(ρ + P ), with ρ and P the density and pressure of the cosmological fluid. For a single scalar field, ϕ, they read ρ = 1 2φ
2 + V (ϕ) and P = 1 2φ 2 − V (ϕ). If the potential energy dominates over the kinetic energy for a significant amount of time, the fluid has an effective equation of state which is close to '−1', allowing the universe to enter a phase of accelerated expansion.
Until 2013, the accuracy of CMB measurements was such that the simplest potential for the scalar field, V (ϕ) = m 2 ϕ 2 /2, was enough to account for the data. The LQC community has therefore focused on this simple model. However, the recent results of the Planck mission suggest that the quadratic potential is disfavored at a two sigma confidence level while the Starobinsky po-
16πG/3ϕ ), seems to be the best alternative. An LQC analysis with this form of potential was performed recently [25] . The Starobinsky potential is based on a quadratic correction to the GR action [26] . As a matter of fact, it was shown [27] that LQC does not yield such a higher order curvature coupling: the action corresponding to the LQC bounce can only be written in terms of a non-metric theory with an action whose lowest order term beyond the Ricci scalar seems not to be quadratic. This approach however uses the effective modified Friedmann equation as a starting point and deriving the correct action from the full theory remains a challenge to be addressed in the years to come.
An estimation of the critical density, reached at the bounce, ρ B ≈ 0.41m 4 Pl , is obtained when the BarberoImmirzi parameter takes the standard numerical value suggested by black hole entropy calculation, i.e. γ ≈ 0.2375. Once the energy density at the bounce is fixed, the background dynamics can be parametrized by a single number: the value of the scalar field at the bounce, ϕ B . Several questions have to be answered regarding the background before discussing further the dynamics of cosmological perturbations: (i) How likely is inflation to occur? (ii) Can the inflationary phase obtained in LQC last long enough so that the flatness and horizon problems are solved and the amplitude of the CMB angular spectrum explained? (iii) Are the scales probed by the CMB sensitive to the specific dynamics at the bounce?
Defining a consensual notion of probability in cosmology is still an open issue [28] . It can be argued [29] that there is no more ambiguity in LQC since there is in fact a precise time when the probability has to be evaluated, the bounce. Then, a consistent framework for the definition of probability can be built [30] and even be generalized to the covariant formulation of LQC [31] . Using the Liouville measure that corresponds to the Hamiltonian structure of LQC, the following conclusion was reached: the probability for the desired -i.e. in agreement with CMB measurements-slow roll not to occur in an LQC solution is less than three parts in a million. Hence a great deal of fine tuning would be necessary to avoid the slow roll inflation that meets the CMB constraints: inflation is an attractor in LQC [32] . The rare dynamical trajectories that fail to meet the observational constraints are those which correspond to an extreme kinetic energy dominated bounce.
In parallel to this study, it was suggested [33] to adopt another viewpoint to the problem of measure: instead of setting initial data at the bounce, why not setting them in the remote past of the pre-bounce contracting branch of the universe and then compute the resulting probability distribution of ϕ B ? It was claimed that in the remote past (i.e. when ρ ≪ ρ B and H < 0) it is the phase of the field, δ := arctan(φ/ 2V (ϕ)), that should be taken as the fundamental random variable with a flat probability distribution (the corresponding measure is preserved as long as ρ ≪ ρ B ). Quite surprisingly, this assumption translates into a probability distribution for ϕ B that is highly peaked around a value that corresponds to a slowroll inflation of about 140 e-folds. This would definitely be long enough to match the CMB constraints which require at least sixty e-folds of inflation.
In both cases, for initial conditions at the bounce or in the remote past, it seems well established that LQC leads to a long phase of slow-roll inflation shortly after the bounce (preceded by a brief phase of super inflation, witḣ H > 0). Except for initial conditions corresponding to a bounce preceded by a phase of deflation [34] , the number of e-fold of superinflation, N B , as well as the total number of e-folds of inflation, N tot , can be expressed in terms of ϕ B and ρ B as N B = 
the scalar field at the start of slow-roll inflation, where the argument of the Lambert W-function is z := 8Γ 2 exp( √ 48πGϕ B ), for the quadratic potential. (Similar formulas can in principle be obtained for arbitrary potentials.) The important conceptual point we want to emphasize here is that the prediction of a long enough phase of inflation, which is a nice result, is actually not a prediction specific to the detailed structure of LQC. The 'w = −1' effective equation of state is a strong attractor and the high probability for inflation to occur is only due to the large values of the energy density reached in the vicinity of the bounce. This condition, together with the existence of a scalar field with a reasonable potential, is basically enough to ensure an inflationary era. So LQC does indeed predict inflation as something "natural" but only in the sense that (in the isotropic setting) most trajectories goes through a high energy density state.
To conclude our general comments, we will discuss wether inflation predicted by LQC can have the required duration so that observable scales in the CMB correspond to scales that were affected by the specific dynamics of the bounce. On dimensional arguments, one might expect that the scales affected by quantum gravity effects have a wavenumber of order
Pl , comparable to the radius of curvature at the bounce. (Actually, smaller scales can be also affected in the deformed algebra approach, and larger scales in the dressed metric approach, as we will explain later.) If the duration of inflation is too long, the scales "sensitive" to the bounce would now be super-Hubble. Within the inflationary paradigm, CMB experiments are sensitive to scales that exited the Hubble horizon at about sixty e-folds before the end of inflation and correspond to a physical wavenumber k ⋆ ≃ 0.002Mpc −1 . Combining this information with the estimates of the number of e-folds of inflation in LQC, one is led to conclude that the value of the scalar field at the bounce must belong to a tiny range of values centered around the Planck mass for CMB experiments to be sensitive to LQC effects [35] . In a recent paper [36] , this was studied in details, taking into account the degeneracy of the LQC parameters with the CMB parameters, namely the amplitude of the scalar primordial power spectrum and the tensor-to-scalar ratio. It was claimed [37] that an appropriate choice of the LQC parameters could in principle solve the anomalies observed for the large angular scales in the CMB. Such a choice would also lead to non-trivial predictions for the CMB polarization modes, as the observable scales in the CMB would be scales affected by the bounce (Planckian scales). However, this strategy holds at the price of adding a number of parameters: the Bogoliubov coefficients used to set the initial state of quantum fluctuations at the bounce [38] . In addition, conceptually, it is not clear that the prediction claimed for the polarized CMB is discriminant, because the scalar and polarized spectra are correlated. If the lack of power at large angular scales is due to a statistical fluctuation, it might very well also have imprints in the polarized spectrum too.
Finally, we note that the issue of the bounce has recently been investigated in the framework of group field theory [39] . Strikingly, the effective cosmological dynamics, emerging as the hydrodynamics of simple condensate states, leads to a bounce very similar to the one of LQC.
PERTURBATIONS
The background dynamics in LQC is well defined and compatible with data. This is a first success for the model. Going beyond this basic requirement implies to deal with perturbations in a consistent way. The task is highly non-trivial and different approaches, that we now briefly review, are being considered. We then adress the question of their advantages and drawbacks.
In a series of papers [40] [41] [42] , a consistent formalism aimed at deriving the dynamics of cosmological perturbations propagating in a quantum background was developed. The starting point for the quantization is not the reduced phase space of the strictly homogeneous and isotropic background, Γ FLRW , but the reduced phase space of the perturbed FLRW space,Γ. It encapsulates both the homogeneous and isotropic degrees of freedom and the inhomogeneous degrees of freedom at first order in perturbation,Γ = Γ FLRW × Γ pert , so that any quantum state can be written as the tensor product Ψ(ν, v S(T) , ϕ) = Ψ FLRW (ν,φ) ⊗ Ψ pert (v S , v T ,φ) with ν accouting for the homogeneous and isotropic degrees of freedom, and v S(T) for scalar (tensor) perturbed degrees of freedom. The background quantization is performed using the usual loop quantization techniques for homogeneous and isotropic geometry. The seminal papers mostly focused on states that are sharply peaked, as usually studied in quantum cosmology, though the framework could be applied to any background state in principle. For the quantum background geometry, it is possible to define a metric operator,
withĤ FLRW = Θ (ν) the Hamiltonian operator of the isotropic and homogeneous background, and ℓ 3 the volume of the considered fiducial cell, while Θ (ν) is the difference operator. The dynamics of the physical perturbations is given by the second order part of the total Hamiltonian (still restricted to the square of the first order perturbations) raised as an operator. The action of the total Hamiltonian on the perturbed part of the Hilbert space does depend on the scale factor of the Universe. The quantization procedure for perturbations relies on techniques well understood for a test scalar field evolving on a quantum geometry [43] . The basic idea is the following. First, one considers the Hamiltonian operators,
, and then switches to the interaction picture. Second, the factor ordering ofĤ pert is chosen to be consistent with the factor ordering of thê g µν dx µ dx ν operator. For tensor perturbations (to illustrate the point) the quantum dynamics in the interaction picture reads
with v T, k ,π T, k the configuration and momentum operators for the perturbation degrees of freedom. Taking the scalar product of the above equation with Ψ FLRW finally leads to the Schrödinger equation for the perturbation part of the wave function. The key point is the formal analogy between the quantum dynamics of perturbations evolving on a classical background and the quantum dynamics of the perturbations evolving on a fully quantum background. The quantum dynamics can be formally described as the dynamics of perturbations in a classical background but with a dressed metric, i.e.
using the identification
This dressed metricg µν is neither equal to the classical metric nor equal to the metric traced by the sharply peaked background state. The final quantization of perturbations can be performed with standard techniques of quantum field theory on curved spacetimes but using the dressed metric instead of the classical one. Scalar perturbations have also been calculated in this framework. The results are that the equations of motion for scalar and tensor perturbations have the same form as in the classical case,
with Q k a gauge-invariant variable for scalars, related to the Mukhanov-Sasaki variables via Q k = (v S,k /a);Ũ is a dressed potential-like term given bỹ
the quantum counterpart of
with f := 24πG(φ 2 /ρ) the fraction of kinetic energy. The power spectrum has been computed in this approach and is nearly scale-invariant, with a slight increase of power at large scales. In a subsequent study, it was understood that due to the freedom one has in selecting the initial state it is also possible to decrease the power at large scale, therefore leading to a better agreement with CMB data. An interesting conceptual point is that the reason why IR modes are affected by quantum gravity effects and not UV ones, as one could naively have expected, is clear and can be summarized as follows [22] . In LQC the curvature radius is bounded from below and takes its minium non-vanishing value R B at the bounce. The UV modes, that have wavelengths smaller than R B do not "feel" curvature and are in the Bunch-Davies vacuum. While IR modes do 'feel' curvature and can be amplified: they might not be in the Bunch-Davies vacuum at the onset of inflation.
The main other approach to perturbations in LQC is the "deformed algebra" approach. The constraints of general relativity form a first class system and this property is key to the consistency of the classical dynamics. It is not a priori clear whether this delicate consistency remains in effective theories that incorporate quantum corrections. The very notion of spacetime is supposed to emerge from solutions to the fundamental quantum gravity equations. The consistency of the effective quantumcorrected equations has to be ensured before they can be successfully solved. In some fields of physics, gauge fixing before quantization was shown to be harmless but the case of gravity is much more subtle and intricate than, say, Yang-Mills theories because dynamics is part of the gauge. In the deformed algebra approach this issue is addressed by building the algebra of constraints so that the constraints can be quantized without a classical specifications of gauge or observables. The deformed algebra approach is based on taking care of those gauge issues while embedding GR in a quantum framework.
Let us focus here on the holonomy corrections that are well defined and understood. The net effect of these corrections is encoded in the replacement
where n is an unknown integer,k is the mean Ashtekar connection, andμ is the coordinate size of a loop. The quantum-corrected constraints resulting from this substitution are renamed C Q I . This replacement, motivated by the fundamental role given to holonomies in LQG, leads to the following algebraic structure:
where the A IJ terms stand for anomalies and f K IJ are structure functions (and not anymore constants as in standard Yang-Mills theories). The consistency condition (that is the closure of the algebra) requires A IJ = 0. In turn, quite nicely, this condition imposes restrictions on the form of the quantum corrections, especially when matter is included in the Hamiltonian. Since the result is a modification of the algebra of constraints of spacetime, as it could be expected from the Hojman-KucharTeitelboim theorem [44] , the quantum structure is not a pseudo-Riemaniann spacetime with a metric in the usual sense. But it does have a well-defined canonical formulation using hypersurface deformations.
The conceptual strategy used to determine the algebraic structure can be summarized as follows. The quantum corrected constraints are explicitly calculated for the perturbations up to the desired order. Then, all the Poisson brackets are calculated, therefore exhibiting the anomaly terms. Counter-terms, required to vanish at the classical limit, are finally added to the expressions of constraints to ensure anomaly freedom. The resulting theory is consistent by construction but is also -maybe surprisingly-uniquely defined: the different unknown integers entering the game (that can be different from unity when one considers other terms than thek 2 arising from the curvature of the connection) are all determined. Furthermore, although the calculations are intricate, the resulting algebra is simple and elegant. It involves a single structure function which encodes, at the effective level, all the quantum modifications:
The algebra is then closed in a non-pertubative way. This method has been successful for vector [45] and scalar [46] perturbations. It has aslo been shown that a single algebraic structure can be consistently written for all perturbations [47] (this has consequences for tensor modes that were forgotten in first studies), making the whole approach very appealing:
where D and S are the diffeomorphism and Hamiltonian constraints, N and M are lapse functions, N a and M a are shift functions, and the superscript Q indicates that the constraint is quantum corrected. Beside its elegance, this algebra has a striking feature: it leads to a signature change close to the bounce. When ρ < ρ B /2 the spacetime structure is Lorentzian but when ρ > ρ B /2, in the vicinity of the bounce, Ω becomes negative and the spacetime structure becomes Euclidean. This is reminiscent of what is usually postulated in quantum cosmology, mostly for technical reasons (to improve the convergence of path integrals). In standard quantum cosmology one usually deals with an amplitude written as
where I[ϕ] is the action of the field configuration ϕ(x, t), and d[ϕ] is a measure on the space of field configurations. The integrand in (17) has a rapidly oscillating phase, and the path integral, in general, does not converge. This is why the time is rotated clockwise by π/2 so that
The integrand in the resulting Euclidean path integral is now exponentially damped, and the integral generically converges. Then, one can analytically continue the amplitude in the complex tplane back to real values. Importantly, a quantum field theory machinery has been developed in this framework [48] . Recent reviews on quantum field theory on an Euclidean background can be found in [49, 50] . Although far from being fully understood (but QFT on a Lorentzian curved background is also not completely understood) the framework is basically consistent. There are also obvious links with the Hartle-Hawking proposal [51] but the Euclidean phase appears in the LQC model considered here in a fundamentally dynamical way since the Poisson bracket between Hamiltonian constraints varies continuously from a positive to a negative expression. This is the key conceptual point. This effect has also been found independently following different approaches within LQC [52, 53] . In particular, the first of these references relies on substantially different hypotheses (using a model of patches of universe evolving independently in the longitudinal gauge). The fact that it leads to the same result reinforces the credibility of the conclusion, we will come back to this point later. The resulting equation of motion is more complicated than in the "dressed metric" approach. For tensor modes, it reads
in conformal time, where the mode functions z T := (a/ √ Ω) are related to the amplitude of the tensor modes of the metric perturbation h k through v k = z T h k / √ 32πG. The evolution of the modes is not anymore driven only by the hierarchy between k 2 and |a ′′ /a|. Due to the Ω-term, the situation is more complicated and several of new phenomena do appear, opening a wide phenomenology. Here, the ratio between the length scale associated with a mode and the curvature radius is not the only important number.
By definition there is no time in the Euclidean phase. The very meaning of "propagation of a mode" becomes unclear. However, the equation of motion in Fourier space, which reads for scalar modes
with R := v/z, is mathematically well defined and has a regular solution even if there are singular points in the equation itself. The primordial power spectrum has been calculated and exhibits three regions. This approach implicitly assumes that the change of sign is in fact a kind of tachyonic instability and not a deep change of signature at the fundamental level of the structure of space-time. The case of a real change of signature requires news techniques that are briefly mentioned in the last part of this article whereas the instability case can be rigorously treated as done in [54] . The UV region is then characterized by an exponential growth of the spectrum whose origin is clearly grounded in the Euclidean phase. The intermediate region exhibits oscillations (that would be smeared out by the cosmic evolution). The IR region is mostly scale-invariant for tensor modes and blue for scalar modes. Whether we see the IR, the UV or the intermediate region in the CMB depends on the duration of inflation. If the number of e-folds is higher than the minimum required value, the observational window falls in the UV part, which is incompatible with data. This shows that quantum gravity can indeed be falsified by cosmological experiments, even when it predicts a long enough phase of inflation! What are the conceptual differences between both approaches and the assumptions behind them 1 ? Which one is more reliable? Those questions are not easy to answer. The dressed metric approach is unquestionably more "quantum" as it addresses the essential question of dealing with a quantum field on a quantum background. In a way, the fundamental structure is given by the background wave function Ψ FLRW and the dressed metric itself is only a manner of modeling how perturbations propagate. The background structure is not a smooth Riemannian metric, but a quantum geometry given by Ψ FLRW , which is consistent with the presence of perturbations since it has been checked that the backreaction they produce is negligible (consistency condition). However one still uses at some point (explicitly or implicitly) a line element ds 2 = g µν dx µ dx ν , with g µν defined in terms of expectation values. For this to be meaningful, one would still have to demonstrate that g µν , wherever it comes from, changes by standard (classical) coordinate transformations if one changes coordinates (or the gauge). Otherwise, ds 2 = g µν dx µ dx ν is not coordinate independent and not tensorial, and therefore loses its meaning. The problem is that the deformed algebra approach precisely shows that, in general, the classical transformations do not apply anymore when holonomy corrections are implemented consistently.
The basic question one can therefore ask about the dressed metric approach is whether it really goes beyond quantum field theory on curved spacetimes. If one has a background FLRW metric with a scale factor a and some scalar field ϕ, one can quantize any field on it, such as the gauge-invariant tensor modes. The background equations need not solve the classical Friedmann equation because quantum field theory can in principle be done on any Riemannian background, not just on one solving Einstein's equation. So even when one uses expectation values of minisuperspace operators, instead of the classical a and ϕ, one might still be within the setting of quantum field theory on a curved spacetime, rather than in quantum gravity. Gravity, even linearized, differs from fields on a background because it determines how the fields transform under coordinate transformations. This is what is meant by having a metric structure as opposed to just a background with fields lying over it. Quantum gravity in the linearized setting should, in general, differ from quantum field theory on curved spacetimes by deriving the existence of a corresponding structure with specific transformations. This is a key point and one must be careful of not implicitly assuming a classical background structure that has no reason to be correct in this framework.
There is a priori an infinite number of dynamical laws, all written with respect to different choices of took place between I. Agullo, A. Barrau, M. Bojowald, and G. Calcagni.
time coordinates. They are classically equivalent to one another thanks to the symmetries we know GR enjoys, and one is therefore free to pick any one of these choices. In the dressed metric approach, when referring to a background gauge, by deparameterization, or by writing the mode dynamics in terms of coordinate invariant combinations of metric and matter perturbations, one might be implicitly using several time choices. It is only after these steps that a specific dynamics for background variables and perturbations can be obtained. Classically, those results do not depend on which coordinate choices are made, and the procedure is valid. But when one quantizes some (or all) relevant degrees of freedom, the equations are modified by quantum corrections of different kinds, and one is no longer guaranteed that the results do not depend on the choices made (that is, the theory may not be covariant or anomaly-free). What is crucial is the fact that the classical theory enjoys a symmetry which might be used in order to simplify the quantization procedure. When quantized or modified, the theory does not exhibit this symmetry anymore and the results might be gauge-dependent and therefore meaningless.
A possible answer is that the dressed metric approach does indeed go beyond quantum filed theory on a FLRW spacetime in the sense that perturbations now propagate on a quantum FLRW background. The evolution of perturbations is sensitive to the quantum nature of the background. It is sensitive not only to the fact that the peak of the wave function does not follow the classical evolution, but also to the quantum fluctuations. This, however, does not answer the consistency issue.
The other way round, one could wonder if the algebraic structure obtained in the deformed algebra approach is really unique. After all, there is no theorem proving that the values chosen for the free parameters entering the non-linear system under consideration are the only possible ones. And, indeed, they are probably not unique. Assumptions -although quite natural-need to be made in order to obtain a tractable solution.
A more serious criticism is the following. The theory of cosmological perturbations is a truncated theory in which one approximates the exact solutions by throwing away some terms in equations. It is clear that the most obvious way of doing it is to consider Einstein's equations, expand them around a given background, and keep terms up to first order in perturbations. It is then possible to recast the same dynamics in the Hamiltonian language. But the evolution of perturbations is not generated by a constraint. The full evolution is not generated by a single Hamiltonian. Rather, background evolution is dictated by a Hamiltonian H 0 (the index i in H i refers to the considered order), and perturbations evolve on the top of this background according to their own Hamiltonian H 2 . This dynamics differs from the one generated by the single Hamiltonian H 0 + H 2 . Furthermore, perturbations are constrained by linear constraints such as the ones generated by H 1 , but H 2 is not constrained to vanish. This suggests that the algebra of second order constraints might not play a fundamental role in the theory. One could follow a different approach and modify this setting by declaring that the dynamics is generated by the Hamiltonian H 0 + H 2 and that H 2 is also a constraint. The resulting equations of motion are different from the truncation of Einstein equations mentioned above as the new equations involve some backreaction. However is only involves part of the full backreatcion, which raises a consistency issue.
This issue could be addressed as follows. The classical constraint, playing the role of a starting point, reads H[N ] = 0 (there are actually infinitely many constraints because the lapse function N is free, setting aside the diffeomorphism constraint). If this constraint is expanded, it remains a constraint. To second order, one can split it in two different terms: one that comes from varying the background lapseN (a single constraint H 0 + H 2 ) and one that comes from the variation with respect to δN = N −N (an infinite number of constraints H 1 ). For unique Hamiltonians H 0 and H 2 the background lapse has to be fixed and deparameterization can be used. The constraint H 1 = 0 is solved for the modes. However, this would not give the correct dynamics H 2 : for general metric perturbations (no gauge fixing) there is more than one independent scalar degree of freedom left in H 2 , even after solving the constraint H 1 = 0. It is possible to get rid of non-physical scalars either by fixing the gauge, or by rewriting H 2 in terms of gauge-invariant combinations of the scalar perturbations. In both cases, one refers to gauge transformations generated by H 1 . Treating them as gauge transformations is consistent only if H 1 satisfies a closed first-class algebra. This is why the deformed algebra puts a specific emphasis on this point. The classical closure of this algebra relies on the background equations as well as the mode equations. If the background dynamics is modified by quantum effects, the algebra generated by H 1 is no longer guaranteed to close. It is however true that the dynamics generated by H 0 + H 2 can, in some background gauge, include a backreaction term and that there may be additional terms which are not taken into account into procedure. The important point is that this makes the system canonical, so the powerful methods of constrained systems can be used. In other words, this term is included for mathematical rather than physical reasons but it is correct to underline that a possible lack of physical consistency on this specific point still need to be addressed.
On the one hand, it should be emphasized that the main results of the deformed algebra approach have also been found independently following different paths.
The holonomy corrections to the effective equations was considered in the longitudinal gauge [55] . The main result is that the equations of motion for the perturbations agree with the one of the deformed algebra. The algebraic structure is also similar, as the time derivative of the effective scalar constraint gives rise to a cosine multiplying the diffeomorphism constraint. In another work [56] , the quantum theory on a lattice was studied so that long wavelength scalar perturbations in LQC could be accounted for, again using the longitudinal gauge. The commutators are explicitly calculated and taking the classical limit, and then the continuum limit, one recovers the considered algebra. Some support to the deformed algebra approach also comes from recent investigations of a linear redefinition of the constraints (with phase-space dependent coefficients) which can be used to eliminate structure functions, even Abelianizing the more-difficult part of the constraint algebra [57] .
On the other hand, an analysis [58] of the quantization of cosmological perturbations in which one truncates the action up to second order in perturbations and looks at the whole symplectic system formed by zero-modes plus perturbations was performed. Perturbations are not treated as a test field on a background, as in the dressed metric approach, but backreaction up to the order considered is included. The model is here parametrized using only gauge-invariant quantities: it deals with the construction of approximate solutions of inhomogeneous cosmologies that effectively behave as approximate solutions of a homogeneous and isotropic model with a specific matter content, or even with geometric modifications [59, 60] . These solutions are far from being homogeneous, and the terms accounting for the matter or GR modifications have their origin in the collective behavior of the inhomogeneities. These solutions were constructed in the specific case of the hybrid quantization of the linearly polarized Gowdy model with three-torus topology, as an example of the fact that inhomogeneous quantum degrees of freedom can behave collectively to lead to a homogeneous description.
To conclude, let us emphasize that in spite of the conceptual and technical differences between the approaches we have presented, there are universal LQC features that appear at the phenomenological level (for tensor modes) in the IR and intermediate regions of the primordial power spectrum [34] . This is a pleasing and encouraging result.
OTHER OPEN CONCEPTUAL ISSUES
Ignoring the possible Euclidean phase around the bounce, we first come back to a simple question related to initial conditions. If the bounce is resulting from a causal evolution, there is no reason for initial conditions -neither for the background nor for the perturbationsto be set at the bounce time. As advocated by the deformed algebra authors [61, 62] , this is both causally unjustified and technically irrelevant since the bounce is probably the worst time (strong curvature regime) for setting initial conditions, especially when considering that the causal structure in the remote past of the contracting branch allows one to have a well defined vacuum state in the usual QFT sense. However, the way time flows is not obvious. It is perfectly allowed to assume that, starting from the bounce, time flows in two opposite directions, generating two expanding branches. In that case, putting initial conditions at the bounce is necessary. In principle both scenarios are distinguishable observationally as some extreme gravitational phenomena occurring in the contracting branch (first hypothesis, with only one time direction) might have footprints in the current universe [63] .
Somehow related is also the question of the role of the cosmological constant (if the acceleration of the Universe is indeed due to a true cosmological constant) in the remote past of the contracting phase. When going backward in time, the universe inevitably becomes Λ−dominated at some point. This might be used to explain the matter content of the Universe by a purely geometrical origin and even lead to a cyclic scenario which does not suffer the problem of growth of inhomogeneities during the contracting phase [64] .
In the case of an Euclidean phase, things are more complicated. Does it makes sense to "propagate" perturbations in the absence of time? This is possible if one interprets the effect as an instability in the equations of motion but the process is hard to understand if one really considers that there exists a true change of signature in the space-time structure. In fact, the naive propagation of perturbations across the bounce leads to a spectrum inconsistent with data [35] . This could be due to one of the numerous assumptions (isotropy, no backreaction, etc.) but it could also be an indication that the idea of propagating modes through an Euclidean phase does not make sense at all. An interesting alternative way of dealing with the same situation was suggested recently [65] , taking advantage of the known mathematical treatment of the Tricomi problem. Conceptually it opens a whole new perspective for cosmology: the mixed-type partial differential equations for modes in this context lead to a nice balance between deterministic cyclic models and singular big bang models. There is no initial divergence, and yet initial data in the infinite past do not uniquely determine the entire space-time structure. For every mode, it is necessary to specify one function at the beginning of the expanding phase even if initial values for the contracting phase had already been chosen. Still, the normal derivative of the field is not free and may carry subtle but interesting information about the pre-big bang epoch.
A recent work suggested that time could emerge from a "SO(4) → SO(1,3)" symmetry breaking [66, 67] . By analogy with solid state physics, one could speculate that this transition, exhibited by the deformed algebra approach and other LQC studies mentioned before, is a result of the symmetry breaking at the level of the fundamental structure of spacetime. In particular, one could assume that the original SO(4) spacetime symmetry is broken into SO(3), where the residual SO(3) is the rotational symmetry of triads. The time direction could therefore be seen as the order parameter of the symmetry broken phase.
Another important issue is related to the cosmological shear. As the shear term is proportional to 1/a 6 in the contracting branch, if a causal evolution viewpoint is adopted, anisotropies become significant at the bounce, when the scale factor reaches its minimal value. The effect of anisotropies on the duration of inflation was studied [62, 68] and it was shown [69] that if initial conditions are set at the bounce, there are many more solutions leading to a universe that does not resemble ours at all than to a universe with a standard classical limit. If initial conditions are set in the remote past of the contracting branch, the problem is automatically evaded by selecting a solution with the correct asymptotic behavior. Then, what should be the "initial" conditions for the shear? This is a delicate and important question. When dealing, for example, with the phase of the oscillations of the scalar field, a flat distribution can easily be chosen, especially because it is conserved in time. But there is no straightforward choice when the shear term is included, and the predictive power of the whole LQC approach depends crucially on this as the number of e-folds is strongly dependent on the anisotropies at the bounce.
In our opinion, the most important conceptual and technical issue is related to Planck length effects. In the black hole sector, it was recently suggested [70, 71] that too much emphasis was put on Planck length effects, neglecting Planck density effects.
The situation is somehow reversed in cosmology. As explained in the first section of this article, the background dynamics at high density seems to be under a fairly good control. This is the main and less controversial result of LQC. However, when calculating the primordial spectra, one faces a Planck length problem. One possibility, used by the authors of the dressed metric approach, is to fine-tune initial conditions so that the amount of inflation just equals the required minimum. In that case, modes of physical interest are never trans-Planckian. However, for the vast majority of the parameter space (including the value favored by the analysis with initial conditions in the past [33] ) modes of physical interest are much smaller than the Planck length at the bounce time. This problem already exists in standard cosmology and is well known. However, it becomes much more important in the framework of a theory that predicts that there is nothing smaller length than the Planck length (This statement is rigorous about surfaces only, it is actually much less clear for lengths and depends on the chosen operator.) Otherwise stated, the question is: in the purely classical (far from the bounce) contracting branch of the Universe, what happens to a photon blue-shifted to the Planck length? It is possible that the dressed metric approach automatically accounts for such effects through its quantum field on a quantum background treatment. But the physical interpretation of values of wavenumbers higher that the Planck scale -and they are 30 orders of magnitude higher in a typical case-is still to be understood. In the deformed algebra approach, this point is clearly not taken into account at this stage. It probably could be accounted for by modified dispersion relations. This makes sense as the LQC deformation of the GR algebra naturally leads to such effects. This will however in general raise new conceptual issues as complex frequencies would then enter the game.
Finally, we would like to mention that the problems of quantum-to-classical transition (the measurement problem) and entropy production are rarely addressed in the framework of LQC. They should be faced in future studies.
The issues presented in this article are in no way suggesting that LQC fails as an effective quantum cosmological formalism. In fact, the abundance of questions being addressed is a positive sign showing that LQC is an active and healthy field of research, with motivating challenges for the years to come.
